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Abstract This paper examines a computer program developed to analyze the vibration of rotating
machineries based on theories of vibration and multibody dynamics (MBD). Bending vibration
problems of rotating machineries have generally been categorized as either linear or nonlinear.
Linear problems can be formulated by standard methods and nonlinear problems can be formulated
by MBD methods. In our study, nonlinear problems are treated by the use of a general-purpose
computer program, RecurDyn (RD). In the program we developed, rotor bending vibration analysis
(RotB) structural properties such as shafts, rotating rotary disks, unbalanced masses and foundation
structures are modeled as multibody elements. Also, nonlinearities such as contact, non-symmetrical
shaft eﬀects, bearing characteristics, nonlinear restoring and damping characteristics in the bearings
are taken into account. The computational results demonstrate the validity of RotB. c© 2012 The
Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1206308]
Keywords bending vibration, rotating machineries, nonlinear analysis, oil bearing non-linearity, con-
tact, impact and friction, earthquake excitation
Many types of vibration occur during operation of
rotating machineries. These are caused by unbalanced
forces, which result in excessive vibration at resonance.
Self-excited vibration caused by ﬂuid forces sometimes
occurs. To reduce these unwanted vibrations, it is neces-
sary to improve the avoidance of resonance in the design
stages and to improve stability by understanding vibra-
tion characteristics through vibration analysis. When
site engineers ﬁnd abnormal vibrations via vibration
monitoring, vibration analysis is also needed to investi-
gate the actual causes and to take counter measures.
In order to analyze, manufacturers of rotating ma-
chineries have developed their own in-house computer
programs such as Rotas1 and VIBrotor.2 Also, general-
purpose computer programs such as ANSYS and NAS-
TRN can analyze vibration in rotor systems. Recently,
special purpose software for the analysis of rotating ma-
chineries, such as ARMD,3 XLrotor,4 MAdyn20005 and
MyRot6 have started to come into use. These programs
can mainly treat linear analysis. However, to evaluate
the safety of rotating machineries during strong earth-
quakes and or severe conditions such as oil whip, it is
necessary to develop analytical tools to evaluate the dy-
namic behavior in nonlinear states.
The authors developed the computer software
named rotor bending vibration analysis (RotB), which
includes oil whip analysis, contact analysis of rotors
with their casing and rotor-shaft motion during strong
ground shaking. All of these employ a multibody dy-
namics approach. In addition, a linear analysis tool is
also included in RotB. This paper describes the analy-
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Fig. 1. Multibody dynamics model of rotor system.
sis methods, program ﬂow of RotB and gives numerical
examples. The validity of the program is shown by the
analysis results.
Figure 1 shows a multibody dynamics model for
nonlinear analysis of a rotor system. The rotary disk
and the journal bearing are considered to be a circular
disk of a rigid body and the shaft to be a beam ele-
ment from which the restoring force is calculated using
beam theory. The rotational motion of the shaft is pro-
duced by an actuator body, including a ﬂexible beam
and a driving constraint. Contact between the rotor
and its casing is considered to be contact between the
circular disk and the circular hollow cylinder (it is not
shown in Fig. 1). For base excitation problems, a base
body is included that supports a bearing, which carries
an actuator body and a casing body. An attached ec-
centric mass will create unbalanced forces indirectly as
opposed to directly by centrifugal force. The basic the-
ory of multibody dynamics will be brieﬂy described in
the follow.
The authors used RecurDyn (RD)10 as a platform
for developing a computer program for bending vibra-
tion analysis of rotor systems. RD employs a recursive
method to formulate equations of motion with kinemat-
ics constraints.
Figure 2 shows two adjacent bodies: body i (in-
board) and body j (out-board). Relative translation
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Fig. 2. Multibody dynamics model.
and rotation at body j with respect to body i are de-
noted by tij and fij .
Body attached frames i-x′iy
′
iz
′
i and ij(Bi)-x
′′
i y
′′
i z
′′
i
are deﬁned on body i and body attached frames j-
x′jy
′
jz
′
j and ji(Bi)-x
′′
j y
′′
j z
′′
j on body j. Vectors s
ij and sji
are the position vectors deﬁning the position of points ij
and ji with respect to the frames i-x
′
iy
′
iz
′
i and j-x
′′
j y
′′
j z
′′
j .
The z′′i axis in the frame of ij and the z
′′
j axis in
the frame of ji are parallel and the frame ji rotates
about the frame ij by φijn
ij around the z′′i axis and
translates further by tijd
ij . Here, nij is a unit vector
along the positive z′′i axis and d
ij is a vector directing
from the point ij to the point ji. We deﬁne the angular
velocity vectors ωi and ωj of body i and body j with
respect to the global reference frame O and the velocity
vectors vi(≡ O dri/dt) and vj(≡ O drj/dt) of body i
and body j with respect to the global reference frame O.
The velocity and angular velocity of body i and body
j can be written in matrix form in terms of the global
reference coordinates11 then rewritten as
Vj = BijVi +Gij q˙ij = BijVi +Gijvij . (1)
By introducing the coordinates v′l and ω′l (l = i, j) of
body attached local reference frames i and j as
Vl ≡
[
v′l
ω′l
]
=
[
(Al)T vl
(Al)T ωl
]
, l = i, j,
q˙ij ≡
[
τ˙ij
φ˙ij
]
= vij . (2)
where Vl (l = i, j) indicates the velocity vector of body
attached frame l in expanded form. Al (l = i, j) is the
transformation matrix from the body attached reference
frame l to the global reference frame O. Bij and Gij
are obtained as
Bij =
[
(Aij)T 0
0 (Aij)T
]
·
[
I −[s˜′ij + τijd˜′ij −Aij s˜′ji(Aij)T]
0 I
]
(3)
Gij =
[
(Aij)T 0
0 (Aij)T
]
·
[
d
′ij Aij s˜
′ji(Aij)Tn
′ij
0 n
′ij
]
, (4)
where, Aij is the transformation matrix from the frame
j to the frame i. s
′ij , d
′ij and n
′ij are deﬁned with
respect to the frame i, and s
′ji is deﬁned with respect
to the frame j.
A relation of recursive variations also holds as
δZj = BijδZi +Gijδqij , (5)
which is similar to Eq. (1) where, variation of Descartes
coordinates δZl and variation of relative coordinates
δqij are deﬁned as
δZl ≡
[
δr′l
δθ′l
]
=
[
(Al)Tδrl
(Al)Tδθl
]
, l = i, j,
δqij ≡
[
δτij
δφij
]
, (6)
where δrl and δθl are virtual displacements and virtual
rotation of body l deﬁned with respect to the global
reference frame O, and δr′l and δθ′l are deﬁned with
respect to the local reference frame l, respectively. Re-
cursive relations for forces can also be established.11
Equations of motion for a multibody system can be
written as
re ≡ GT(M V˙ +CTZλ−Q) = 0, (7)
where, C is a constraint equation vector for cut joints
and CZ is a Jacobian matrix of C which is deﬁned as
CZ ≡ ∂C/∂Z, λ is the Lagrange multiplier. M is
an assembled mass matrix and Q is an assembled force
vector for the multibody system.12 The system velocity
vector V and the system matrix G can also be formed
from the element velocity vector Vj given by Eq. (2)
and the element matrix Gij given by Eq. (13).
Since the absolute acceleration vector V˙ is a func-
tion of relative accelerations a (≡ v˙), relative veloci-
ties v (≡ q˙) and relative coordinates q, Eq. (7) can be
written as re ≡ re(q, v, a, λ, t) = 0. Thus, the
diﬀerential algebraic equations (DAE) of the equations
of motion with constraints of the multibody system are
written as
re(q, v, a, λ, t) = 0, (8)
C(q, t) = 0, (9)
q˙ − v = 0, (10)
v˙ − a = 0. (11)
The system of DAE can be solved by typical numeri-
cal integration methods, such as the back-ward Euler
method and the generalized-α method.12
Each rotary disk is modeled as a rigid circular disk
having six degrees of freedom (three translational po-
sitions and three rotational orientations). Each shaft
is modeled by a beam element interconnecting the two
adjacent disks.
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Start up RotB
Input
Material
constants
Analysis
type
Body
information
Driver Force
Save as text data Editing data
Analysis type Nonlinear analysis
model on RecurDyn
Computation
Eigenvalue analysis by
linear solver
Frequency response analysis
usnig linear solver
Nonlinear response
analysis
Un-damped Damped
Output
Frequency and mode plot Frequency resp. plot Time response plot
and animation
Fig. 3. Program ﬂow of RotB.
As explained before, RotB has three main functions:
eigenvalue analysis (real and complex ), frequency re-
sponse analysis and nonlinear response analysis and
solves many types of problems:
(1) responses of rotor systems subjected to base
(earthquake) excitation;
(2) oil whip phenomenon due to journal bearing
supports;
(3) contact responses between rotary disks and cas-
ing during resonance (whirling);
(4) responses of rotor systems with non-symmetric
shafts;
(5) responses of rotor systems with misalignment,
etc.
When developing a computer program, the program
needs a series of commands, which allows for the in-
putting of data of analysis models, executing compu-
tation of required objective of the input data and out-
putting the computational results.
This program was developed by making use of PNet,
and function modules available in RecurDyn (RD).
PNet generally enables one to automate the command
procedures for executing concrete computation mod-
ules, which have been already provided. Users need
the operation commands for setting bodies, constraints,
force elements and contact conditions of RD at the data
input stage. Once these operation commands are pro-
grammed, in accordance with the computational pur-
pose and in correct order by employing PNet, repeated
operations can be avoided. Consequently, operation
time is reduced. Thus the authors developed ‘RotB’
including an input data program, a read ﬁles program,
a start up program for external programs and a program
for adding several new function modules to RotB which
are not provided for in RD. Figure 3 is the program ﬂow
of RotB.
In this paper, several computational examples are
given using RotB.
Many types of vibrations occur during opera-
tion in rotating machineries other than unbalanced
vibrations.14 One of these is the unstable vibration
called oil whip occurring in rotor systems supported
by plane bearings. For this reason, it is desirable for
engineers to take counter-measures at the design stages
and avoid such unwanted vibrations during operation of
high speed rotating machineries.
We discuss the occurrence of build-up vibration
through resonance and oil whip vibration for a multi-
disk rotor system supported by circular plane bearings.
Figure 4 and Table 1 show an analysis model. All disks
have the same attached eccentric masses m = 0.3 kg
located at the same relative positions on each disk at
radius r = 100 mm from the center of rotational axis,
thus the unbalanced force is U = mrω2. Material of
disk and shaft is assumed to be steel.
For the case of circular plane bearing, oil ﬁlm force
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Fig. 4. Analysis model of multi-disk rotor system supported
by plane bearings.
Table 1. Parameters of disk and shaft.
Component Diameter/mm Thickness/mm Mass/kg
Disk2 550 45 83.9
Disk3 550 45 83.9
Disk4 600 20 55.5
Disk5 500 30 46.2
Component Diameter/mm Length/mm Mass/kg
Shaft1 60 377.5 7.8
Shaft2 180 100 11.0
Shaft3 195 110 17.6
Shaft4 220 72.5 13.4
Shaft5 60 305 6.2
(Fe and Ff ; radial and tangential component) is given
by14
Fe = −μRL
3
c2
[
π(1 + 2e2)e˙
(1− e2)5/2
]
+(
Ω
2
− f˙
)
2e2
(1− e2)2 , (12)
Ff = μR
L3
c2
[
2ee˙
(1− e2)2
]
+(
Ω
2
− f˙
)
πe
2(1− e2)3/2 . (13)
For linear analysis, the oil ﬁlm force is linearized
about the equilibrium position to obtain the stiﬀness
coeﬃcient and the damping coeﬃcient, whereas for non-
linear analysis, oil ﬁlm force is directly calculated using
Eqs. (12) and (13) for the analysis.
Figures 5(a) and 5(b) show trajectories of the center
of the journal in the x–y plane during the operation at
low (30 r/s) and high (110 r/s) rotational speeds. In
the case of low speed, a small steady vibration occurs
about the equilibrium position after moving toward the
position located at the right downward direction from
the initial (0, 0) position. At the higher speed, the oil
whip phenomenon occurs and results in large violent
vibrations in the permissible gap between the disks and
the casing.
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(b) Constant revolutional speed at 110 r/s
Fig. 5. Motions of the center of the bearing journal during
low and high operation speeds.
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Fig. 6. Displacement of disk 4 in y-direction.
The rotational velocity was increased from an initial
speed of 20 r/s to a ﬁnal speed 120 r/s at an increas-
ing ratio of 10 r/s and computations were carried out.
These results are shown in Figs. 6 and 7.
Figure 6 shows the displacement time response of
disk 4 in the y-direction. Figure 7 shows the trajec-
tory of the center of the journal in the x–y plane. The
rotor system reaches resonance at the speed of 57 r/s.
Before the resonance, the amplitude of displacement in-
creases with the increase of rotating speed and passes
through resonance at the speed of 57 r/s. Then, with
the increase of speed, the response decreases until the
onset of oil whip. Then the violent vibration grows
rapidly from around the speed of twice of the resonant
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Fig. 7. Bearing journal motion at the frequency from low
to high speed.
Fig. 8. Analysis model for earthquake.
frequency speed (57 r/s). Analysis results are satisfac-
tory compared to existing research results.9
It is vital that important rotating machineries like
turbine-generators be kept operating with suﬃcient
safety without dangerous vibrations or damage under
strong earthquake ground shaking. Figure 8 shows
an analysis model of a rotor system for seismic re-
sponse calculation. The foundation of the system is
excited by the input from earthquake motion (max.
acc. 683.5 cm/s2) with twice the value of the recorded
El Centro earthquake acceleration (1940, NS direction)
shown in Fig. 9. For the analysis condition, seismic in-
put is given in the x (horizontal) direction during the ro-
tor operation at 25 r/s. Figures 10(a) and 10(b) are the
comparison of displacement at disk 4 in the x-direction
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Fig. 9. Earthquake input record.
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Fig. 10. Comparison of displacement responses in
x-direction.
Contacting area
Fig. 11. Contacting of disks with casing.
of the model with and without earthquake ground shak-
ing. From Fig. 10(a), it is seen that the response of
the shaft is in a normal state of small amplitude vibra-
tion. Once the system is subjected to seismic excita-
tion, excessive amplitude vibration occurs as is seen in
Fig. 10(b).
Contact will occur between disks and a casing when
the vibration of the rotor increases by the resonance
and/or seismic excitation. Once contact occurs, the
shaft would have friction force which may generate self-
excited friction whirl, or will deform by friction heat
which increases the unbalance masses. They result in
excessive vibration and the possibility of rotor damage.
Figure 11 shows an analysis model for calculating con-
tact between the outer surface of the disks and the inner
surface of the casing. The shaded surface indicates the
casing body. Contact condition is set between the outer
surface of the disks (steel) and the inner surface of the
casing (steel). A modiﬁed Hertzian contact model10
was used in the system model simulation and in the
stiﬀness and damping coeﬃcient calculations. Friction
coeﬃcient between the disk and the casing was taken as
0.3.
As a driving constraint, a varied rotational speed
determined from the initial speed of 20 r/s to the high-
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Fig. 12. Response of disk 4 in y-direction without and with
contacting.
est speed of 120 r/s with the increase of 10 r/s was
given. Figure 11 shows the contact areas of the disks
and Figs. 12(a) and 12(b) show the displacement of disk
4 in the y-direction with and without contact.
The displacement amplitude of disk 4 in the y-
direction gradually increases with the increase of ro-
tational speed to reach and maintain a maximum clear-
ance value of 2 mm between the disk and the casing.
The vibration amplitude of the disk is maintained be-
cause the contact force between the disks and the casing
keeps exciting large amplitude vibrations of the system.
It would be possible to conduct more precise analyses
and evaluations for the rotor-shaft behavior by taking
into account the eﬀect of friction force and/or friction
heat.
The authors developed the computer software
RotB, which analyzes vibration responses of rotor sys-
tems. This paper ﬁrstly emphasized the need of suitable
software in bending vibration analysis of rotating ma-
chineries, then followed by the description on the the-
ory of bending vibration, the theory of MBD, analysis
methods, a program ﬂow of RotB. The program cov-
ers (1) seismic response analysis, (2) oil whip analysis,
(3) contact analysis, (4) nonlinear spring and damp-
ing support analysis in nonlinear problems in addition
to eigenvalue and frequency response analyses in linear
problems. RotB has been tested by several typical ex-
amples and its validity has been demonstrated by these
test examples.
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